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The Leray-a model reduces the range of active scales of the Navier–Stokes equations by smoothing the
advective transport. Here we assess the potential of the Leray-a model in its standard formulation to sim-
ulate wall-bounded flows. Three flow cases are considered: plane channel flow at Res ¼ 590, Rayleigh–
Bénard convection at Ra ¼ 107 and Pr = 1, and a side-heated vertical channel at Ra ¼ 5� 106 and
Pr = 0.7. The simulations are compared to results from a well resolved and coarse DNS. It is found that
for all three flow cases, the variance in the velocity field increases as the filter width parameter a is
increased, where a is connected to the filter width as ai ¼ aDxi , with Dxi the local grid size. Furthermore,
the viscous and diffusive wall regions tend to thicken relative to the coarse DNS results as a function of a.
In the cases where coarse DNS overpredicts wall gradients (as for Rayleigh–Bénard convection and the
side-heated vertical channel), the thickening is beneficial. However, for the plane channel flow, coarse
DNS underpredicts the wall-shear velocity, and increasing a only degrades the results. It is shown that
buoyancy effects need to be included with care, because of the close relation of turbulent heat flux
and the production of turbulent kinetic energy.

Crown Copyright � 2009 Published by Elsevier Inc. All rights reserved.
1. Introduction

The usual way to surmount the computational complexity of
high Reynolds number turbulent flows and the exorbitant grid res-
olution demands of high Reynolds number turbulent flows is to
average or filter the Navier–Stokes equations. With such pre-pro-
cessing of the equations, one ends up with unclosed stresses which
need to be modeled. In large-eddy simulations, the unclosed stres-
ses are usually modeled with eddy-diffusivity type models. An
alternative way of modeling is to smooth the dynamics of the Na-
vier–Stokes equations by a direct modification of the advective
terms (Holm, 1999; Foias et al., 2001; Cheskidov et al., 2005;
Geurts and Holm, 2006). This allows one to derive the correspond-
ing subscale model without any further assumptions, provided the
employed filter L is invertible. The modification can be chosen
such that important physical properties of the Navier–Stokes equa-
tions are preserved, such as energy, helicity, the Kelvin circulation
theorem, or symmetries.

The Leray-a model (Cheskidov et al., 2005; Geurts and Holm,
2006; van Reeuwijk et al., 2007) is the simplest regularization
model. For this model, the advective operator @jujui is replaced
by @jeujui, where the filtered velocity eui ¼LðuiÞ and L is a filter
operation. Historically, this model was used to prove existence
009 Published by Elsevier Inc. All

. van Reeuwijk).
and regularity of ui, as well as convergence to the Navier–Stokes
solution as the filter width tends to zero (Leray, 1934). Analytical
estimates invoking Prandtl–Blasius arguments (Cheskidov et al.,
2005) predict an excellent match for the laminar, transitional and
turbulent regime, although the physical relevance of the solutions
in the turbulent regime with respect to the boundary conditions
and turbulence intensities may be questioned (van Reeuwijk,
2007, Appendix C). The Leray-a model has been used for the sim-
ulation of the turbulent mixing layer, and showed superior accu-
racy in comparison with dynamic eddy-viscosity models, in
particular with respect to the quality of the small resolved scales
(Geurts and Holm, 2006). The explicit filtering concept in LES can
be traced back to Clark et al. (1979), although that model was orig-
inally proposed by Leonard (1974).

The Lagrangian averaged Navier–Stokes-a (LANS-a) model
(Holm et al., 1998, 2002; Chen et al., 1999a,b,c; Holm, 1999; Foias
et al., 2001; Mohseni et al., 2003; Marsden and Shkoller, 2003) in
addition, possesses a filtered Kelvin circulation theorem. The
LANS-a model has been successful in simulations of homogeneous
isotropic turbulence (Chen et al., 1999c; Mohseni et al., 2003) and
for the temporal mixing layer (Geurts and Holm, 2006). A regular-
ization approach which preserves the skew-symmetry of the
advective operator has been recently proposed by Verstappen
(2008). Here, the energy, enstrophy (in 2D) and helicity are con-
served, and accurate results are obtained with coarse simulations
of plane channel flow.
rights reserved.
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Fig. 1. Sketch of a typical spectrum for the unfiltered velocity ui of the Leray-a
model.
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Given the excellent results obtained with the Leray-a model the
turbulent mixing layer (Geurts and Holm, 2006), it is a natural step
to assess whether the Leray-a model performs as well for wall-
bounded flows. In this paper, we study three canonical flow cases
which represent a wide range of problems occurring in practical
situations. The first is a plane channel flow, which is one of the
standard test cases for turbulence models. The main production
mechanism of turbulent kinetic energy for this flow is by shear
production. The second test case is Rayleigh–Bénard convection,
for which the turbulence is created purely by buoyancy produc-
tion. This is a challenging test case because of the sensitive depen-
dence of the heat-transfer on the turbulent dynamics. The third
test case is a side-heated vertical channel, for which turbulent ki-
netic energy is produced both by shear and buoyancy. This test-
case is challenging because it exhibits counter-gradient turbulence
heat and momentum fluxes (Hanjalić, 2002).

In this study, we perform a coarse DNS simulation for each
flow case. The resolution for this simulation is chosen such that
the turbulence statistics have degraded relative to the resolved
DNS solution, but the numerical solution is not dominated by
wiggles. This simulation is then taken as the reference. The
expectation is that the Leray-a model will improve on these re-
sults by modifying the advective transport. The filter used to
smooth the transport velocity is associated with the Helmholtz
operator, as proposed in the original formulation of the Leray-a
model (Cheskidov et al., 2005). In order to avoid excessive
smoothing in the viscous and diffusive wall regions, a non-uni-
form filter width is used in the wall-normal direction, which is
related to the local grid size. The non-uniform filtering gives rise
to a non-solenoidal filtered velocity field. As shown in (van Ree-
uwijk et al., 2007), a non-solenoidal velocity field can result in
spurious production of TKE very close to the wall, which degrades
the performance of the Leray-a model. In order to circumvent
this issue, a projection method is used to ensure that the filtered
velocity be solenoidal.

The details of the Leray-a model are outlined in Section 2. A pre-
liminary study (van Reeuwijk et al., 2007) showed that for Ray-
leigh–Bénard convection, filtering with a constant filter size leads
to an artificial thickening of the hydrodynamic and thermal bound-
ary layer and significantly increased variances. As properly resolv-
ing viscous and diffusive wall region is of primary importance for
wall-bounded flows, a space-varying filter size is applied in the
wall-normal direction which scales with the grid resolution. This
has implications for the velocity field, and the details about enforc-
ing a divergence-free smoothed velocity field eui when using a
space-varying filter (van Reeuwijk et al., 2006) are discussed in
Section 3. The simulations for the channel flow, Rayleigh–Bénard
convection and the side-heated convection are discussed in Section
4. The simulation of buoyancy-driven flows requires an extension
of the momentum equation with the buoyancy force and an addi-
tional temperature equation. It turns out for the adopted formula-
tion, the direct coupling between the turbulent heat-flux and the
buoyancy production of turbulent kinetic energy is lost, which is
particularly problematic for Rayleigh–Bénard convection (Section
5 and Appendix A). Several suggestions are presented to correct
for this undesired side effect. Concluding remarks are made in Sec-
tion 6.

2. Leray-a regularization

The governing equations for the Leray-a model are

@tui þ euj@jui ¼ m@2
j ui � @ipþ fi; ð1Þ

@iui ¼ 0; ð2Þ
ð1� @ja2

j @jÞeui ¼ ui; ð3Þ
with ui the velocity, p the pressure, m the kinematic viscosity and fi a
body force. As can be seen in (1), the regularization modeling ap-
proach results in a mixed formulation of filtered and unfiltered
quantities. Even though ui is unfiltered it should not be considered
a velocity coming from direct numerical simulation (DNS) because
of the modified nonlinearity in (1). Therefore, both ui and eui are reg-
ularized variables. The variable ai corresponds to the filter width
which can have different values per direction and varies in the
wall-normal direction. The filter L is given by the inverse of
the elliptic equation (3) and boundary conditions; we will denote
the filtering operation as

eui ¼LðuiÞ ¼ ð1� @ja2
j @jÞ�1 ui: ð4Þ

This is the standard filter used for analytical studies of the Leray-a
and LANS-a model (Foias et al., 2001; Cheskidov et al., 2005). Nat-
urally, other filters could be used as well, as the effect of the filtering
would (hopefully) be restricted to the small scales only. One advan-
tage of using a formulation like (3) is in the natural treatment of
boundaries. However, solving (3) is quite costly, and care should
be taken to ensure the incompressibility of the filtered velocity eu
(van Reeuwijk et al., 2006).

The Leray-a model does not add additional dissipation to the
equations. Indeed, the equation can be written in an LES template
as

@tui þ @jujui þ @ip� m@2
j ui ¼ @jmij; ð5Þ

where mij is the subfilter model, which is given by mij ¼ u00j ui. Here,
u00j ¼ uj � euj is the high wavenumber part of ui. Multiplying mij with
ui results in ui@jmij ¼ @j u00j

1
2 u2

i

� �
, which shows that energy is only

redistributed and not dissipated.
One can also derive the implied subfilter scale model of the Ler-

ay-a model in terms of the filtered velocity eu. Filtering (1) with L

leads to an explicitly filtered LES template, given by

@teui þ @jeujeui þ @iep � m@2
j eui ¼ @j emij; ð6Þ

but with a non-standard asymmetric subfilter term

emij ¼ eujeui �geujui ¼ eujeui �gujui þ gu00j ui : ð7Þ

The Leray-a model reduces the number of active scales by slowing
down the energy cascade at small scales. This is shown schemati-
cally in Fig. 1 for the energy spectrum E of unfiltered velocity. The
wavenumber associated with the filter size is ka. For k < ka, the en-
ergy cascade is unaffected which results in the classical E / k�5=3

spectrum. However, for k > ka, the filter affects the cascade time-
scale and the spectrum is modified to E / k�1=3. Because of the high-
er variances at small scales, the dissipation will take place on larger
scales than the Kolmogorov scale with associated wave number kg.
Note that the energy density spectrum of the filtered velocity
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eE ¼ cL2ðkÞEðkÞ falls off steeply as eE / k�13=3 beyond ka (see also
Cheskidov et al., 2005).

3. Enforcing a nondivergent eui field

Enforcing the incompressibility condition @juj ¼ 0 does not
automatically ensure that @jeuj ¼ 0 for a wall-bounded flow. For
uniform a, the solution f ðxÞ ¼ @ ieui of the homogeneous differential
equation f � @ja2

j @jf ¼ 0 is nontrivial and does not vanish upon
applying the boundary conditions (van Reeuwijk et al., 2006).
The main problem with @jeuj – 0 is that the purely redistributive
character of advection is lost, which can be demonstrated by con-
sidering the effect on the balance of the turbulent kinetic energy
(TKE). The turbulent transport of TKE by fluctuations can be calcu-
lated by taking the advection term @jðeu0ju0iÞ from the equation of
velocity fluctuations, multiplying it by u0i and averaging:

u0i@jðeu0ju0iÞ ¼ @ jeu0je0 þ e0@jeu 0j; ð8Þ

with e0 ¼ 1
2 u0iu

0
i. The first term on the right-hand side is in diver-

gence-form and hence purely redistributive. The second term is a
production/destruction term, which normally vanishes because
the fluctuating field is divergence free. However, when @jeuj – 0 this
term can become nonzero, thereby allowing for spurious TKE pro-
duction and destruction. As was shown for Rayleigh–Bénard con-
vection at Ra ¼ 105 and Pr = 1, the term e0@jeu0j is responsible for
significant energy production in the hydrodynamic boundary layer
(up to 25% of the volume-averaged production) (van Reeuwijk et al.,
2006).

A nonuniform filter width a, creates another opportunity for
@jeuj – 0. Applying the filter L to the divergence of the unfiltered
velocity gives that Lð@jujÞ ¼ @jLðujÞ þ ½L; @j�uj, where the brack-
ets represent the commutator defined as ½A;B� � AB� BA. There-
fore, the divergence of the filtered velocity is given by

@j euj ¼ ½@j;L�uj þLð0Þ: ð9Þ

This shows both ways in which eu can cease to be divergence-free.
First the commutator may not vanish because of a nonuniform filter
width aðxÞ. Second, the term Lð0Þ is nonzero when the solution
f ðxÞ ¼ @ieui of the homogeneous differential equation f � @ja2

j @jf ¼
0 does not yield f ¼ 0 after applying the boundary conditions, as
discussed above. In van Reeuwijk et al. (2006), several methods
were proposed to maintain a nondivergent eui field: enforcing
@jeuj ¼ 0 directly (and thus dropping @juj ¼ 0), letting a vanish at
the wall, using free-slip boundary conditions for eui and introducing
a projection method. Of these four options, only the projection
method can be successfully applied for nonuniform filters aðxÞ, so
this is a convenient choice. The projection method (e.g. Ferziger
and Perić, 2002) adds a gradient @i/ to (4) as eui þ @i/ ¼LðuiÞ and
solves a Poisson equation @2

j / ¼ @iLðuiÞ to make eui incompressible.
The boundary conditions imposed on eui and / are equivalent to the
conditions imposed on ui and p; eui ¼ 0 and @n/ ¼ 0, respectively.

With the projection included, the filtered velocity eui is related
to the unfiltered velocity ui by a filter G as

eui ¼ GðuÞ ¼ Pij �LðujÞ; ð10Þ

where Pij is the projection operator. Note that G takes the complete
velocity vector as its argument, as opposed to L which only re-
quires one velocity component at a time.

The grid resolution is normally a good indication for the loca-
tion of the most demanding flow features. Therefore, we couple
the filter size ai directly to the grid resolution by a parameter a as

ai ¼ aDxi: ð11Þ

Note that the filter size is anisotropic. In the wall-normal direction,
the grid is clustered towards to wall so that the filter is small near
the wall and larger in the midplane. The smoothing parameter a is
varied between 0 < a < 1, for which the typical filter width spans
up to four grid cells. This can be shown by calculating the filter
width D from (e.g. Geurts and Holm, 2006):

1
D
¼
Z 1

�1
G2

aðx; x0Þdx0; ð12Þ

where Ga is a normalized filter kernel. The free-space Green’s func-
tion associated with the Helmholtz equation is

Gaðx; x0Þ ¼
1

2a
exp � jx� x0j

a

� �
: ð13Þ

Substitution of the above expression and (11) into (12) leads to
D ¼ 4aDxi.

The projection method has been implemented in our code for
direct simulation as a two-step process. In the first step, the elliptic
equation (3) is solved by a direct method which takes advantage of
the homogeneous directions. In the second step, the projection
method is used to make this field divergence free. The code is
based on staggered finite differences and uses second order central
differences in space and a second order Adams–Bashforth scheme
in time (van Reeuwijk, 2007). The code is fully parallellized and
supports grid clustering in wall-normal direction. Special care
has been taken to preserve the purely redistributive character of
the advection scheme on the nonuniform grid by using a symme-
try-preserving discretization (Verstappen and Veldman, 2003).
4. Results

4.1. Plane channel flow

The first wall-bounded flow case under consideration is plane
channel flow. Here we compare results for the Leray-a model with
direct simulations (Moser et al., 1999) at Res ¼ 590. The coordinate
system is defined in Fig. 2a, with the x-, y- and z-coordinate aligned
with the streamwise, wall-normal and spanwise direction, respec-
tively. The medium is air with a kinematic viscosity m ¼ 10�5 m2=s
and the domain size Lx � Ly � Lz is 2pd� 2d� pd, where d ¼ 1 m is
the channel halfwidth. No-slip boundary conditions are applied to
the top and bottom plates, and periodic boundary conditions are
used on the sidewalls. The average velocity is fixed at U ¼ 0:115
m/s for all simulations. At full DNS resolution ð384� 384� 256Þ
cells, this flowrate results in a shear-Reynolds number Res ¼ 610.
For the Leray-a and coarse DNS simulations, the grid has been cho-
sen such that the grid is too coarse for a good solution without a
subgrid model, but fine enough so that the solution is not domi-
nated by wiggles. For the plane channel flow this resulted in a grid
of 64� 64� 32 cells with strong grid clustering (up to 16% near the
walls). All results were averaged for about 60 typical turnovers
(based on a typical turnover time t� ¼ U=ð2dÞ).

Three different values of the filter parameter a are used here:
a ¼ 0:25, 0.50 and 1.00. As discussed before, the filter is propor-
tional to the local grid resolution as ai ¼ aDxi, and due to the grid
clustering in the wall-normal direction, the filter is much smaller
near the wall than in the midplane (Fig. 3). In this way, the artificial
thickening of the viscous wall region (viscous sublayer and buffer
layer (Pope, 2000)). due to the filtering which hampered prelimin-
ary simulations (van Reeuwijk et al., 2007) is minimized.

Shown in Fig. 2b, are the average velocity profiles in plus-units,
defined as uþ ¼ u=us and yþ ¼ yus=m. Here us is the friction velocity
defined as us ¼

ffiffiffiffiffiffiffiffiffiffiffi
sw=q

p
, where sw ¼ l@yujw is the shear stress at

the wall. As can be expected, the coarse DNS velocity profile lies
above the reference profile, which reflects an underestimated
wall-shear stress. The results for the Leray-a model are denoted
by the circles, squares and crosses for a ¼ 0:25, 0.50 and 1.00,



Fig. 2. The effect of varying the filter size a for plane channel flow. (a) Definition sketch; (b) average velocity; (c) shear-Reynolds number, Res; (d) streamwise variance, u0u0;
(e) streamwise spectrum Euu in midplane; (f) production of turbulent kinetic energy.

Fig. 3. The distribution of a as a function of y.
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respectively. The simulation with a ¼ 0:25 has little influence on
the average velocity, but as a increases the profiles deviate more
and more from their desired value. The source of these deviations
is a decreasing wall-shear stress. Shown in Fig. 2c is the shear-Rey-
nolds number Res ¼ usd=m as a function of a. The dashed line cor-
responds to the expected value ðRes ¼ 590Þ. The coarse DNS
results ða ¼ 0Þ show that the insufficient resolution results in a
10% underestimation of Res. The subfilter scale model would ide-
ally compensate this effect. However, as a is increased, Res de-
creases up to an underestimation of 30% at a ¼ 1:00.

The variance profile of the streamwise velocity component, u0u0,
is shown in Fig. 2d, nondimensionalized by u2

s . The coarse DNS
overpredicts the peak of u0u0þ by a factor two, and increasing a only
makes the situation worse, with a factor five overprediction at
a ¼ 1:00. It should be noted that part of this increase is due to
the normalisation: the decrease in the friction velocity causes



1 Because most transport occurs perpendicular to the wall, the hydrodynamic and
ermal boundary layers are commonly defined as the region from the wall to where
e kinetic energy and temperature variance peaks, respectively.
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u0u0þ to become larger. However, even without scaling, the vari-
ance increases a factor 2.5 when comparing the resolved DNS re-
sults to the Leray-a simulation at a ¼ 1.

The peak in u0u0þ can be seen to shift outwards, indicating a
thickening of the viscous wall region. The probable mechanism
for a thickening of the viscous wall region resides in the modifica-
tion of the momentum-flux ev 0u0 in the buffer layer. The filtering of
v will damp near-wall fluctuations, thereby reducing the turbulent
momentum flux. As a result, the turbulence transport takes over
further away from the wall than without filtering.

To get an idea of the typical lengthscales that cause the overpre-
diction in the variance, the spatial spectrum of u0u0 is presented.
The spectrum is obtained by one-dimensional Fast Fourier Trans-
forms (FFT) in the streamwise (spanwise) direction, and averaging
over the other homogeneous direction. In addition, the spectrum is
averaged over about 60 typical timescales to eliminate slow tran-
sients. In Fig. 2e, the spectrum of the streamwise velocity u is
shown in the midplane of the channel. The coarse DNS slightly
underpredicts the variance on the large scales and overpredicts
the variance at the intermediate wavenumbers. When a is in-
creased, first the variance increases at intermediate wavenumbers.
For larger a, a significant increase in the variance occurs for the
large wavenumbers as well. It should be noted that in the mid-
plane, the difference between the DNS and the Leray-a model is
relatively small; in the viscous wall region, the difference would
be even greater.

More insight into the enhanced variances may be obtained by
studying the budget for turbulent kinetic energy (TKE). The equa-
tion of TKE can be obtained by multiplying the fluctuating part of
(1) by u0i and averaging over the homogeneous directions and over
time. The average � is denoted by an overline. This results in

0 ¼ �ev 0u0@yu|fflfflfflfflfflffl{zfflfflfflfflfflffl}
P

� mð@ju0iÞð@ju0iÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
e

� @yðev 0e0 � m@yeþ v 0p0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
T

; ð14Þ

where e ¼ 1
2 u0iu

0
i and e0 ¼ 1

2 u0iu
0
i; P; e and T represent production,

dissipation and transport of turbulent kinetic energy, respectively.
The smoothed transport velocity directly modifies the shear pro-
duction term P and the transport of the velocity fluctuations ev 0e0.

The production of TKE is shown in Fig. 2f, nondimensionalized
by u4

s=m. The thickening of the viscous wall region is clear in the
profile of Pþ, where the peak (which occurs where the viscous
stress is equal to the Reynolds stress) shifts from about yþ ¼ 15
for the coarse DNS to around yþ ¼ 30 for a ¼ 1:00. Note also that
the width of the production peak increases: only at yþ ¼ 80 is P

at the value of the reference DNS for a ¼ 1:00.
The fact that the variance increases while the production of TKE

remains roughly the same is one of the intriguing features of the
Leray-a model. Because of the attenuation of small-scale dynamics
(Fig. 1), it is to be expected that the total variance will increase due
to a slowing down of the cascade at high wavenumbers. A recent
study (Graham et al., 2007) suggests that the variance accumula-
tion at subfilter scales is even higher; for the LANS-a model, the
small scales seem to behave as ‘‘rigid rotators” which are advected
passively by the larger scales.

4.2. Rayleigh–Bénard convection

Rayleigh–Bénard convection (RB) is generated when a fluid in
between two flat plates is heated from the bottom and cooled from
the top (Fig. 4a). The system can be characterized by the Prandtl
number Pr ¼ mj�1 and the Rayleigh number Ra ¼ bgDHH3ðmjÞ�1.
The system reacts by a convective motion which is characterized
by the Reynolds number Re ¼ UHm�1 and by an enhanced heat
transfer through the Nusselt number Nu ¼ /HðjDHÞ�1. Here U is
a characteristic velocity and / the realised heat-flux at the wall.
Both Re and Nu are non-trivial functions of Ra and Pr and are still
the subject of ongoing research (e.g. Ahlers et al., 2009). The coor-
dinate system is defined with the z-direction pointing upwards and
the gravity vector is in the negative z-direction.

The medium has most material properties of water except for
the Prandtl number, which is taken as Pr ¼ 1 instead of 7 to relax
the computational demands (van Reeuwijk et al., 2008); the
viscosity m ¼ 1:07� 10�6 m2=s, expansion coefficient b ¼ 1:74�
10�4 K�1; DH ¼ 2 K, with T0 ¼ DH=2 and T1 ¼ �DH=2. The
domain size Lx � Ly � Lz is CH � CH � H, with H ¼ 0:15 m and the
aspect ratio C ¼ 4. Fixed temperature and no-slip velocity
boundary conditions are enforced at the top and bottom plates.
Periodic boundary conditions are used for the sidewalls.

The simulation of a buoyancy driven flow requires the exten-
sion of the Leray-a model with a transport equation for tempera-
ture. This raises the question whether the advection of scalars
should be with the filtered or the unfiltered velocity. Here the same
modified advection operator will be used for all transported quan-
tities, i.e. advective transport with eui. Invoking the Boussinesq
approximation, the effect of buoyancy can be included by introduc-
ing a body force bgiH in the momentum equations only. After the
extension with a transport equation of temperature and with the
additional body force, the Leray-a model becomes

@tui þ euj@jui ¼ m@2
j ui � @ip� bgiH; ð15Þ

@tHþ euj@jH ¼ m@2
j H: ð16Þ

In the current coordinate system, the gravity is in the negative z-
direction as gi ¼ �gdi3. Due to the homogeneity and the absence
of a forcing in the x and y direction, ui ¼ 0, and the system is statis-
tically one-dimensional. One of the characteristic features of RB is
that the total vertical heat-flux through the fluid is constant. Aver-
aging over the homogeneous directions, integrating (16) with re-
spect to z and substituting the Dirichlet boundary conditions for
temperature results in

ew0H0 � j@zH ¼
jDH

H
Nu: ð17Þ

Note that the turbulent heat-flux is in terms of the filtered velocityeui. However, the TKE production by buoyancy is given by w0H0 (18)
and this mismatch will prove to be of importance, as discussed
below.

Although many results can be found in the literature on direct
simulation of Rayleigh–Bénard convection in wide aspect ratios
(Domaradzki et al., 1994; Kerr, 1996), no database is available as
for plane channel flow and side-heated convection simulations.
Therefore, the results will be compared to our own DNS results
(van Reeuwijk et al., 2005; van Reeuwijk et al., 2008) at Ra ¼ 107

and Pr = 1. The grid for the DNS is 256� 256� 256 cells which is
of sufficient resolution not to require grid clustering near the wall.
The grid resolution for the Leray-a and coarse DNS simulations is
80� 80� 64, which is again chosen such that it is too coarse for
DNS but is not yet dominated by numerical contamination. Here,
grid clustering is applied such that of the 64 wall-normal points,
8 are present in each thermal boundary layer.1

One of the most important integral flow properties in RB is the
Nusselt number, Nu. At the current Ra and Pr, the DNS gives that
Nu = 16.1. The coarse DNS significantly overpredicts this value
with Nu = 20 (Fig. 4b), due to the insufficient resolution. The influ-
th
th



Fig. 4. The effect of varying the filter size a for Rayleigh–Bénard convection. (a) Definition sketch; (b) Nusselt number, Nu; (c) wall-normal variance, w0w0; (d) wall-normal
spectrum Eww in midplane; (e) production of turbulent kinetic energy.
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ence of the Leray-a model is to decrease Nu, and at a ¼ 0:50 the
Nusselt number Nu is approximately at its expected value.

In Fig. 4c, the wall-normal velocity variance w0w0 is shown, nor-
malized by U2 where U ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bgDHH

p
is the free-fall velocity. As for

the plane channel flow, the variance can be seen to increase as a
becomes larger. Spatial spectra are collected by performing a 2D
FFT and integrating over circles k2

x þ k2
y ¼ k2. Shown in Fig. 4d is

the spectrum of the vertical velocity in the midplane. The increase
of variance for the coarse DNS seems to be mainly concentrated at
the large scales (low wavenumbers). When a is increased, it can be
seen that the variance at the intermediate wavenumbers increases.

As before, we study the equation of TKE, which is for Rayleigh–
Bénard convection given by

0 ¼ bgw0H0|fflfflfflffl{zfflfflfflffl}
P

� mð@ju0iÞð@ju0iÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
e

� @zð ew0e0 � m@zeþw0p0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
T

: ð18Þ
For this flow case, there is no production on average of turbulent ki-
netic energy by shear and the only effect of the filtering is in a mod-
ified transport of the velocity fluctuations ew0e0.

The production term P is shown in Fig. 4e, nondimensionalized
by ðbgDHHÞ3=2

=H. The coarse DNS overestimates P, which is con-
sistent with the overestimation of Nu as these are directly coupled
for RB by the exact relation (see e.g. Siggia, 1994; Grossmann and
Lohse, 2000) hPiz ¼ heiz ¼ m3

H4 RaðNu� 1ÞPr�2. The total production
decreases for a ¼ 0:25 and a ¼ 0:50, but for a ¼ 1:00; P increases
again. This is not consistent with the monotonically decreasing
trend for Nu (Fig. 4b). Furthermore, the shape of the production
profile changes: the constant production in the bulk is replaced
by a production profile which peaks near the hydrodynamic
boundary layers. Both the trendbreak and the change of shape
are the results of a disparity between the buoyancy production



Fig. 5. The effect of varying the filter size a for side-heated convection. (a) Definition sketch; (b) average velocity; (c) Nusselt number, Nu; (d) shear-Reynolds number, Res; (e)
streamwise variance, w0w0; (f) production of turbulent kinetic energy.
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term P ¼ bgw0H0 and the turbulent heat-flux ew0H0. This is a funda-
mental issue which will be discussed in detail in Section 5.

4.3. Side-heated vertical channel

The side-heated vertical channel is a case where both buoyancy
and shear production are important. The flow has several unusual
features, such as negative shear production in the boundary layers2
2 The hydrodynamic boundary layer thickness can be determined using the
maximum of �w, and the thermal boundary layer thickness by the maximum of the
temperature variance.
and counter-gradient heat fluxes. The side-heated vertical channel
has been studied intensively both experimentally (Betts and Bokhari,
2000) and by direct simulation (Boudjemadi et al., 1997; Versteegh,
1998; Versteegh and Nieuwstadt, 1998, 1999). The flow geometry
for the side-heated vertical channel is sketched in Fig. 5a. For this
case, the x-direction in the wall-normal direction and the z-direction
is pointing upward. The Leray-a simulations will be compared to the
DNS database of Versteegh and Nieuwstadt (1999). The size of the
domain is Lx � Ly � Lz ¼ H � 6H � 12H. The unusually large domain
size is required to prevent long-range correlations from influencing
the statistics (Versteegh and Nieuwstadt, 1998). The medium is
air with a viscosity m ¼ 1:0� 10�5 m2=s, expansion coefficient
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b ¼ 3:3� 10�3 K�1 and a Prandtl number Pr ¼ 0:709. The distance H
between the plates is H ¼ 0:2 m and with a temperature difference
DH ¼ 2:7 K with T0 ¼ DH=2 and T1 ¼ �DH=2. The Rayleigh number
Ra ¼ bgDHH3ðmjÞ�1 for this case is Ra ¼ 5� 106. The resolution for
the coarse DNS is 64� 96� 192, which as before is chosen such that
the grid is too coarse for accurate predictions but fine enough to pre-
vent that the results are dominated by numerical contamination. The
statistics have been collected over 25 typical turnover times.

In accordance with Versteegh and Nieuwstadt (1998), and
Versteegh (1998), a body force is introduced which ensures a zero
mass-flux. The advantage is that this suppresses slow transients,
thereby reducing the required simulation time. In addition, omit-
ting the body force results in a nonzero mass flux at high a, which
obfuscates comparison with other simulations.

The average velocity profile is shown in Fig. 5b, normalized by
the free-fall velocity

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bgDHH

p
. The coarse DNS overestimates the

average flow velocity in the channel. When increasing a, the veloc-
ity decreases and the flow profile is approximately correctly pre-
dicted for a ¼ 0:25. For a ¼ 0:50, the velocity is underpredicted.
At a ¼ 1:00, the velocity profile remains at roughly the same ampli-
tude as for a ¼ 0:5 but here a ‘kink’ can be observed in the mean
velocity around x=H ¼ 0:2, which is not present in the other simu-
lations. This kink is responsible for the shift of the shear production
term eu0w0@x �w from the center to the near-wall region.

The results for Nu ¼ @xHjwH=jDH as a function of a are shown
in Fig. 5c. The increase in the average velocity does not influence
Nu very much for the coarse DNS. The trend for increasing a is that
Nu decreases, similar to Rayleigh–Bénard convection. Around
a ¼ 0:25, Nu is at its expected value, and above this value, Nu is
underpredicted. The shear-Reynolds number Res is defined as
Res ¼ usH=m. The influence of a is relatively small for this flowcase
(Fig. 5d), with an underprediction of Res of 10% at a ¼ 1:00.

The streamwise velocity variance profile w0w0 is shown in
Fig. 5e, nondimensionalized by bgDHH. The coarse DNS overesti-
mates the variance by 50% in the bulk. Here the effect of increasing
a is to decrease the variance for a ¼ 0:25. As a is increased further,
the variance becomes practically constant in the bulk ða ¼ 0:50Þ,
after which the maximum shifts from the center to the near-wall
region ða ¼ 1:00Þ.

The equation of TKE for the side-heated vertical channel is given
by

0 ¼ bgw0H0 � eu 0w0@x �w|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
P

� mð@ju0iÞð@ju0iÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
e

� @xðeu 0e0 � m@xeþ u0p0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
T

:

ð19Þ
For this flow case, there is production of TKE both by shear and by
buoyancy. Both components of P are shown as a function of z=H in
Fig. 5f. Here, it can be seen that the lack of resolution mainly affects
the shear production term �eu0w0@x �w through the overestimation of
the average velocity (Fig. 5b). The effect of increasing a reduces the
shear production and the production is estimated appropriately at
a ¼ 0:50. At a ¼ 1:00, the buoyancy production term changes little
with respect to a ¼ 0:50, but the shear production term changes
dramatically.

5. Discussion

The simulations show two major trends. First, gradients at the
wall (as reflected in integral quantities like Res and Nu) tend to de-
crease. Both for Rayleigh–Bénard convection and the side-heated
vertical channel, coarse DNS overpredicts wall gradients, and the
Leray-a model can improve results. In the case that coarse DNS
underpredicts gradients at the wall, as for the plane channel flow,
the Leray-a model does not improve the results.

Second, the variances tend to increase as a function of a, specif-
ically at the low and intermediate wavenumbers. In view of the
model spectrum (Fig. 1), which predicts an increase in the variance
at wavenumbers larger than ka only, this may be quite surprising.
However, this seems to be an intrinsic property of the Leray-a
model. Simulations with the Leray-a model in absence of walls
(Geurts and Holm, 2006; Graham et al., 2008) also results in en-
hanced variances and the low and intermediate wave lengths.
The presence of a wall seems to enhance this property of the mod-
el, due to an increase in the turbulent shear production term.

In simulations with coarse grids, a significant part of the fluctu-
ations are sub-grid, and separate modeling may be required (e.g.
Carati et al., 2001). Therefore, a pragmatic solution to remedy the
increased variances may be to add some extra diffusion to the mod-
el. This may be done in several ways: (1) by using a simple eddy-vis-
cosity model; (2) by using a dynamic Smagorinsky procedure; and
(3) by using a spectral dissipation procedure. It is clear that this pro-
cedure would have to be done with care, as one could easily over-
whelm the Leray-a contribution to the subfilter stress. The
tensor-diffusivity model (also called Clark model) (Winckelmans
et al., 2001), is a good example of a model which significantly ben-
efits from some additional dissipation. This filter reproduces
approximately 90% of the subfilter stresses in a priori studies. How-
ever, in a posteriori studies, the tensor diffusivity model requires
additional dissipation (Winckelmans et al., 2001). Extra dissipation
may be unavoidable in particular when using Leray-a with rela-
tively coarse meshes. In this study, the resolution was chosen such
that coarse DNS simulations were incapable of reproducing correct
statistics but were not dominated by wiggles. When even coarser
grids would have been used, the absence of additional dissipation
leads to a deterioration of the results of the Leray-a model.

In this study we chose to keep the filter as close as possible to the
original formulation (Cheskidov et al., 2005). The filtering requires
inverting a Helmholtz equation for all three velocity components,
which is computationally expensive. In addition, the projection step
to make eui divergence-free requires solving another Poisson equa-
tion. Even though the computational overhead for solving a Poisson
equation is minimized by using FFTs in the homogeneous direc-
tions, this procedure is more expensive than conventional SGS
models. To reduce the number of operations, one could use explicit
filters (Geurts and Holm, 2006; Liu et al., 2008) or apply (4) but with
only one or two Jacobi iterations (Verstappen, 2008).

An important question for future research is related to the influ-
ence of the filter type. It is not inconceivable that an explicit filter
(i.e. a filter that does not require solving a Poisson equation, such
as a top-hat filter) might perform better than the Helmholtz filter.
Indeed, the Helmholtz filter suffers from Lð0Þ– 0 even for uni-
form a, which violates the filtering framework (van Reeuwijk
et al., 2006). A projection method was required to remedy this
problem. In addition, the Helmholtz filter does not have compact
support, causing the filtered velocity to be influenced relatively
strongly by large fluctuations far away.

The inclusion of the buoyancy term in the Leray-a model has to
be done with care. In the direct simulations of Rayleigh–Bénard
convection, the average buoyancy production P ¼ bgw0H0 is con-
stant in the bulk, as P depends directly on the turbulent heat flux
w0H0 (which is constant in the bulk). This is not the case for the Ler-
ay-a model, where a peak in P is created near the hydrodynamic
boundary layer (Fig. 4e). This change is a direct consequence of
the modification of the turbulent heat flux. In the present formula-
tion (15) and (16), the direct coupling between TKE production and
heat-flux is broken, as the equations for TKE and average heat-flux
are given by (see also Appendix A):

@z ew0e0 þ p0w0 � m@ze
� �

¼ bgw0H0 � e; ð20Þ

ew0H0 � j@zH ¼
jDH

H
Nu: ð21Þ
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The buoyancy production term is given by bgw0H0, while the turbu-
lent heat flux (which is constant in the bulk) is given by ew0H0 (17).
The difference between w0H0 and ew0H0 can be calculated by substi-
tuting w ¼ ew � @ja2

j @j ew into w0H0, which results in

w0H0 ¼ ew0H0 � @zða2
z H

0@z ew 0Þ þ a2
j ð@jH

0Þð@j ew0Þ: ð22Þ

Interestingly, the two extra terms on the right-hand side corre-
spond to terms typically encountered in the transport equation of
w0H0 (Hanjalić, 2002). The first is normally associated with the
molecular diffusive transport, and the second with the dissipative
cross-correlation term, although the sign is opposite here.

For buoyancy driven flows, the variation of a as a function of the
wall-normal coordinate z seems be of importance for the variation
of P over the vertical in the bulk. Indeed, the preliminary simula-
tions with constant a (and free-slip conditions for eu) did not have a
variation of P over the height (van Reeuwijk et al., 2007). At
a ¼ 0:5, the difference of P between the peak value at the edge
of the boundary layer and the core is 10% (Fig. 4e). This is quite a
large difference, and it seems worthwhile to explore whether this
effect can be circumvented. The first and most obvious way is to
experiment with different filters. Another option is to modify the
temperature equation. Instead of holding on to the same advection
operator for all transported quantities, one could apply the modi-
fied advection operator euj@j to the momentum equations only.
For the other transported quantities, uj@j could be used, with the
understanding that uj is also a regularized velocity. This would di-
rectly restore the coupling between the turbulent heat-flux and the
buoyancy production. However, the danger in a formulation like
this may be an excess of variance at small scales, which results
in a high-wavenumber forcing contaminating the simulation.
6. Concluding remarks

Numerical simulations of the Leray-a model have been carried
out for plane channel flow, Rayleigh–Bénard convection and the
side-heated vertical channel. The simulations have been compared
to DNS and coarse DNS. In general, the simulations show two
trends. First, the viscous (and diffusive) wall region tends to thick-
en as a function of the filter width parameter a, which causes wall
gradients such as the shear stress or the heat-flux to decrease.
When coarse DNS overpredicts wall gradients, such as for
Rayleigh–Bénard convection and (to a lesser extent) the side-
heated vertical channel, the Leray-a model can improve the results.
However, when the gradients are initially underestimated, such as
for the plane channel, results do not improve. Here, additional
wall-modeling may be needed to enhance turbulence levels in
the near-wall region. Second, the variance at low and intermediate
wavenumbers increases upon increasing the filter size parameter
a. This leads to overpredicted variance in the velocity field which
is undesired.

An important point for buoyancy driven flows is how to include
a temperature forcing into the Leray-a model. Indeed, the intuitive
extension (15) and (16) causes the production of TKE by buoyancy
to be no longer directly coupled to the turbulent heat-flux. For
Rayleigh–Bénard convection, this leads to a varying TKE produc-
tion in the bulk (and as a function of a).

In this paper, the performance of the Leray-a model was as-
sessed for three wall-bounded flows. The Leray-a model was
implemented in its original form, i.e. with the Helmholtz filter. This
study indicates that, within this formulation, the potential of the
Leray-a model is rather limited for wall-bounded flows. Indeed,
the overpredicted variances, in particular the accumulation of en-
ergy on the low and intermediate wavenumbers pose a challenge
for accurate predictions with the Leray-a model. A study on alter-
native filter types, potentially remedying the aforementioned
downsides of the Helmholtz filter, would be a valuable next step.
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Appendix A. Changes in the dissipation rate for Rayleigh–
Bénard convection

The relations relating the volume-averaged dissipation rate of
kinetic energy heiz and temperature variance heHiz to the Rayleigh
number Ra, the Prandtl number Pr and the Nusselt number Nu are
given by (Grossmann and Lohse, 2000; Siggia, 1994)

heiz ¼
m3

H4 RaðNu� 1ÞPr�2; ð23Þ

heHiz ¼ j
DH2

H2 Nu; ð24Þ

where heiz and heHiz ¼ heH;aviz þ heH;fliz are defined as

heiz ¼ mhð@ju0iÞð@ju0iÞiz;
heH;aviz ¼ jhð@zHÞ2iz;
heH;fliz ¼ jhð@jH

0Þð@jH
0Þiz:

Here, h�iz represents the averaging over the entire fluid layer, and
the combination h�iz is equal to a volume- or ensemble-average,
when the system is ergodic. Below we will derive the relations for
heiz and heHiz for the Leray-a model.

Eqs. (23) and (24) are obtained from the equations of the verti-
cal heat-flux, turbulent kinetic energy and the two equations for
temperature variance. In the case of the Leray-a model, these equa-
tions are given by

ew0H0 � j@zH ¼
jDH

H
Nu; ð25Þ

@z ew0e0 þ p0w0 � m@ze
� �

¼ bgw0H0 � e; ð26Þ

@z ew0H0 H� j@z
1
2

H H
� �

¼ ew 0H0@zH� eH;av; ð27Þ

� j@2
z

1
2

H0H0 ¼ � ew 0H0@zH� eH;fl; ð28Þ

where e0 ¼ u0iu
0
i and e ¼ u0iu

0
i.

Averaging these expressions over the height, we obtain

h ew0H0iz ¼ jDH
H
ðNu� 1Þ; ð29Þ

heiz ¼ bghw0H0iz; ð30Þ

� j
DH2

H2 Nu ¼ h ew0H0@zHiz � heH;aviz; ð31Þ

0 ¼ �h ew 0H0@zHiz � heH;fliz: ð32Þ

Adding (31) and (32), the exact relation for heHiz, (24) is obtained.
However, this is not the case for the relation of the dissipation rate
of TKE (23). Instead of the heat-flux based on the filtered velocityew0H0, (23) contains the heat-flux of the unfiltered velocity as
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w0H0. Substituting w ¼ ew � @ja2
j @j ew (so not correcting for com-

pressibility effects), the two heat-fluxes are non-trivially coupled by

w0H0 ¼ ew0H0 � @za2
j H

0@z ew0 þ a2
j ð@jH

0Þð@j ew0Þ: ð33Þ

Interestingly, the two extra terms on the right-hand side corre-
spond to terms typically encountered in the transport equation
for the turbulent heat-flux (Hanjalić, 2002). The first is normally
associated with the molecular diffusive transport, and the second
with the dissipative cross-correlation term, although the sign is
opposite here. Averaging (33) over the height and substituting the
result into (30) using (29), gives that heiz is given by

heiz ¼
m3

H4 RaðNu� 1ÞPr�2 þ bgha2ð@jH
0Þð@j ew 0Þiz: ð34Þ
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